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Preface:	  	  
This	  project	  is	  the	  4th	  semester	  project	  and	  the	  theme	  is	  chosen	  from	  2nd	  semester:	  Models,	  theories	  and	  experiments	  in	  the	  natural	  sciences.	  I	  have	  collected	  experimental	  data	  and	  set	  up	  a	  model	  for	  the	  crystallization	  speed	  of	  Sodium	  Acetate	  under	  chosen	  conditions.	  Investigating	  this	  phenomenon,	  I	  believe,	  have	  helped	  me	  to	  acquire	  experience	  in	  working	  with	  basic	  problems	  in	  the	  field	  of	  natural	  science	  as	  required	  by	  the	  2nd	  semester	  theme.	  In	  this	  project	  experimental	  results	  are	  presented	  in	  a	  form	  of	  a	  scientific	  article,	  since	  one	  of	  requirements	  are	  to	  write	  an	  article.	  	  The	  article	  is	  presented,	  as	  the	  AIChE	  (American	  Institute	  of	  Chemical	  Engineers)	  Journal	  requires,	  since	  my	  3	  main	  articles	  are	  taken	  from	  there.	  Appendices	  are	  present	  for	  additional	  information	  and	  some	  theory	  since	  the	  article	  is	  quite	  condensed.	  The	  audience	  of	  this	  project	  is	  a	  fellow	  student.	  	  This	  project	  includes	  a	  problem	  formulation	  and	  hypothesis,	  an	  article	  with	  an	  abstract,	  an	  introduction,	  a	  materials	  and	  methods	  section,	  a	  results	  section,	  a	  discussion	  and	  a	  conclusion,	  appendices	  and	  references.	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Problem	  formulation	  and	  hypothesis:	  
Classical	  nucleation	  theory	  (CNT)	  is	  widely	  used	  for	  explaining	  nucleation	  rates	  and	  the	  nucleation	  phenomenon	  itself.	  However	  this	  theory	  often	  fails	  to	  predict	  experimental	  outcome	  because	  it	  has	  many	  empirical	  elements	  and	  assumptions.	  One	  of	  the	  assumptions	  is	  that	  the	  crystal	  growth	  is	  limited	  by	  diffusion,	  although	  there	  seems	  to	  be	  very	  little	  experimental	  studies	  concerning	  the	  validity	  of	  this	  assumption	  for	  ambient	  temperatures	  and	  pressure	  for	  sodium	  acetate.	  For	  this	  reason	  my	  hypothesis	  following	  CNT	  is:	  Crystal	  growth	  of	  Sodium	  Acetate	  is	  limited	  by	  diffusion.	  And	  the	  questions	  I	  intend	  to	  answer	  in	  this	  project	  are:	  	  Is	  crystallization	  speed	  of	  sodium	  acetate	  trihydrate	  limited	  by	  diffusion?	  	  If	  not,	  what	  is	  the	  simplest	  model	  for	  it?	  	  How	  is	  the	  growth	  dependent	  on	  concentration	  and	  temperature?	  	  With	  the	  following	  article	  I	  intend	  to	  answer	  these	  questions.	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Modeling Crystal Growth Speed of Sodium 
Acetate Trihydrate Solution in Water 
Juste Brikaite, supervised by Claire Lemarchand 
Roskilde University, Basic Studies in Natural Science 
 
Sodium acetate trihydrate is a chemical often used in commercial heat packs. In this article the 
crystal growth after nucleation of sodium acetate trihydrate is investigated under different conditions. 
3 different temperatures: 25°C, 30°C, 35°C and 3 different concentrations, represented by molar ratios 
of sodium acetate in water: x = [0.192, 0.206, 0.220]. Same experiments are also performed on the 
heat packs in a wider temperature range [-5, 22°C]. A few special cases experiments with a lower 
concentration, some other at high temperature are also presented to clarify and support the model for 
crystal growth speed. The hypothesis of a diffusion-limited crystal growth was proven unfitting for the 
chosen conditions. Crystal growth was described as a crystal disk growing in a radial direction. 
Results clearly showed, that the radius of the disk is dependent linearly on time. These experimental 
results lead to a chemical model for the reaction rate for the speed of crystallization. It is also shown 
that the speed is constant before it reaches a critical temperature of approximately 30° C and rapidly 
starts to drop. The Arrhenius equation was used to describe the relationship between the temperature 
and the speed. The results shown that for the temperatures lower that 25°C, the rate constant in 
independent of temperature. It was concluded that chosen model fits the results with a high degree of 
confidence. 
 
 
 
Introduction: 
Sodium acetate (sodium ethanoate) trihydrate (CH3COONa · 3H2O) is 
widely used for storing energy, most often in the form of heat packs. 
The reason for this is that it has a high heat of fusion and the ability to 
stay supercooled (instant of metastability) at ambient temperatures and 
atmospheric pressure (Seo et al., 2012). A metastable state is a state of 
a certain physical systems that has a lower stability than the 
equilibrium state but exist for long periods of time, in other words it 
can be thought of as somewhat stable intermediate state or an energy 
trap (Reguera, 2004). This energy trap determines activation energy. 
Supercooled solution of sodium acetate trihydrate will release its 
latent heat when nucleation occurs. In the heat packs nucleation is 
triggered by metallic trigger, which, when flexed, releases minute 
crystals that allow to overcome activation energy barrier of the 
solution (Rogerson & Cardoso, III, 2003). After nucleation has 
occurred the crystallization of the supercooled solution is very rapid. 
When the nucleation is triggered it is referred to as heterogeneous 
nucleation, otherwise it is called homogeneous nucleation. There are 
studies regarding the rate of homogeneous nucleation (Rogerson 
&Cardoso, I, 2003, Seo et al., 2012) and the mechanism to release 
latent heat is known. Most of these studies are based on Classical 
Nucleation Theory (CNT). CNT assumes among other things that the 
crystal growth is limited by diffusion (Kashchiev, 2003, Chapter 10). 
In this article I show that crystal growth speed is not limited by 
diffusion. I propose another model for the crystal growth after 
heterogeneous nucleation. Adding a crystal cluster, able to overcome 
barrier of activation energy, to the sodium acetate trihydrate melt, 
triggers nucleation. To test the hypothesis that crystal growth is 
limited by diffusion I study crystal growth speed under 3 different 
temperatures and 3 different concentrations of sodium acetate 
trihydrate in water. We also use heat pack in PVC envelope. Our 
method is to film the crystal growth after nucleating the solutions in 
the laboratory and analyze them with MatLab to find the speed under 
different conditions. This article contains the following sections: 
Materials and Methods, Results and Observations, Discussion, 
Conclusion and Appendices. 
 
Materials and methods:  
Experimental procedure:  
Experiments were carried out to determine the growth speed of 
sodium acetate trihydrate crystals at atmospheric pressure. The effect 
of the start temperature and concentration of the solution was 
assessed.  
Sodium acetate solution:  
Solution of sodium acetate was prepared from sodium acetate 
anhydrate (Sigma-Aldrich, 99% pure) and distilled water. The 
concentrations of the solution was x = 0.912, x = 0.206 and x = 0.220, 
where x is a molar fraction of sodium acetate trihydrate in water. The 
calculations can be seen in appendix 2.  
Prepared solutions of sodium acetate trihydrate (100 ml) were poured 
into a flat bottom round dish of radius 4cm/7cm, covered with 
aluminum foil and allowed to cool until reached temperature of 
approximately 25°C, 30°C and 35°C. Temperature was measured with 
thermocouple. When wanted temperature was reached the solution 
was placed on a black plastic surface under the camera set-up. 
Nucleation was started with small amount of sodium acetate trihydrate 
crystal placed in the center of the dish. The crystallization process was 
filmed with digital camera (Samsung HMX-U10). These experiments 
were repeated for every chosen concentration and temperature.  
The heat packs size 9 × 13 with sodium acetate liquid solution in PVC 
envelope were also used. Room temperature and low temperatures 
	   5	  
from 6°C to -5°C were tested on the heat packs. The method for 
analysis was the same as open-system solutions.  
The obtained videos were analyzed with MatLab for 1 dimensional 
crystal growth and radius versus time curves were generated. Method 
of MatLab analysis is described in appendix 1.  
Results and observations: 
The crystal growth speed after nucleation were observed under 3 
different temperatures: 25° C, 30°C and 35°C and for 3 different 
concentrations corresponding to molar ratio in sodium acetate of x = 
[0.192, 0.206, 0.220], see appendix 2 for the explanation of this 
choice. These temperatures are approximate, and the exact 
temperatures of every sample were noted and will be presented in the 
results. An additional experiment at a molar ratio x = 0.15 was carried 
out to investigate the effect of concentration. Some experiments were 
performed in a wider temperature interval  [-5, 22° C] on the heat 
packs. One experiment for molar ratio x = 0.220 was carried out at 38° 
C to investigate effect of high temperatures.  
After nucleation the crystal growth propagates to a radial direction, 
nearly the same way for all the chosen parameters mentioned above. 
This is illustrated in figure 1 below:  
 
Figure 1 - "radial growth" of the crystal through time after nucleation.  
Rogerson & Cardoso (I, 2003) investigates the concentrations 
corresponding to molar ratios of x = 0.1 and x = 0.15, these 
concentrations were also chosen. In my experiment I chose to 
investigate the cylindrical crystal growth as observed in heat packs 
(see fig 1). In the first experimental trials it has been observed that 
concentrations which are equivalent to x = 0.1 and x = 0.15 are too 
low to create the cylindrical/radial crystal growth. The density of the 
circular growth is low and individual elongated crystal formations can 
be distinguished after a short while. This kind of growth forms needle-
like shapes in the disk rather than a homogeneous disk, it is then not 
accurately comparable to what happens at higher concentrations (see 
figure 2). However one experiment for a molar ratio x = 0.15 will be 
used in order to illustrate the growth of low concentration. Only the 
beginning of the growth could be used in the analysis, when the 
needles seem still dense enough to be approximated by a disk.  
 
Figure 2 – A – x = 0.206 clear circular growth can be seen, below it – 
area found by MatLab, B – x = 0.15, needle-like circular growth can 
be seen it can only be analyzed in the beginning of the growth were 
needles have not grown out of the dense disk.  
The obtained data was analyzed with MatLab (see appendix 1). The 
radius showed linear relationship with time, which can be seen in 
figure 3. Sometimes the first few point were removed (mostly in heat 
packs) as in figure 3, because stationary regime is not yet reached (see 
appendix 1). The correlation coefficient was always  > 0.99 with 2 
exceptions – for temperature 38° C and molar ratio 0.15.  
 
Figure 3 – Radius versus time, curve given after MatLab analysis 
correlation coefficient – 1.0000. 
The growth was surprisingly linear for every sample; therefore the 
relevant parameter to look at was the slope, since it describes the 
speed of the growth.  
It was observed that with a higher temperature the density of the 
crystal disk drops, and individual crystal can be seen. The growth of 
individual crystals was observed to be in 1D – radial direction at all 
instances. It is in agreement with the monoclinic structure of sodium 
acetate trihydrate crystal. For temperatures higher than 35° C the 
growth was really slow and when approaching 40° C it was not 
present, as if nucleation did not happen. Concentrations had a similar 
effect for disk density – for lower concentrations lower disk density 
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was observed. However from observations itself no definitive 
conclusions for the growth speed could be made. For x = 0.15 the 
growth was significantly slower and density extremely low. The 
growth of the crystal was again observed in the radial direction and 
the gaps between crystals were filled with new crystals growing from 
the disk centre, rather then the existing crystals growing in the 
tangential direction.  These observations suggest that for the higher 
concentrations there were infinitely many crystals growing in the 
radial direction adding new crystals in 1D and the gaps between were 
filled with new crystals all the time.  
All the data are processed through MatLab and all the modifications to 
the original curves are described in appendix 1. The experimental data 
did not show any significant difference in slope for the size of the dish 
and the height of the bulk, figure 4 below illustrates it:  
 
Figure 4  - Difference in slope of 2 different dish sizes for 2 different 
concentrations. 
Therefore the different sizes of the dish will not be taken into 
consideration when analyzing the data. The growth is only taking 
place in one dimension, and the volume or shape of the bulk does not 
influence it. The slope of these curves describes the speed of the 
growth or rate constant that is dependant on temperature; therefore 
slope is equivalent to the rate constant of the crystal growth.  
 
Figure 5 - Temperature versus Slope, for different concentrations and 
heat packs, error bars are present for the circular points for MatLAb 
slope error, the other concentrations have a similar error.  
Figure 5 above represents the slope versus temperature for different 
concentrations. Heat pack experiments suggest that the growth rate at 
the temperatures below 22°C is steady. Slope varies at about 0.1 cm/s, 
for all the temperatures, but these fluctuations in slope can be due to 
random error. Even though MatLab error can only account for 0.05 
cm/s or less, there is also error in the measurement of the radius for 
pixel to centimeter transformation (~0.05 cm/s) and the last part could 
be explained by random error due to the fact that it was more difficult 
to maintain shape of the circle in heat packs especially for low 
temperatures; trigger mechanism required distortion of PVC envelope 
and that affected the shape of the crystal disk. These errors can 
account for the noise in the data. 
For the effect of temperature on the rate we examine individually 
every concentration. From the molar ratio x = 0.22 it can be seen that 
temperature starts to slow down the growth at around 34° C and then 
it rapidly goes down. It was also observed that at 40° C there is no 
more crystallization at any concentration. High concentrations also 
seem to have an effect on the growth. Overall speed of the crystal 
growth seems to be higher than in the heat packs. The fluctuation can 
be accounted by the 2 errors mentioned before. For two other molar 
ratios x = 0.192, and x = 0.206 there does not seem to be any 
difference at any temperature, it might be that the effect is too small to 
be detected, because concentrations are too close to each other. But 
the two latter concentrations seem to slow down earlier than the first 
one. The point corresponding temperature 38° C is seen as a last point 
of molar ratio x = 0.220, shows that when temperature is very high the 
slope drops rapidly. Otherwise they all exhibit similar pattern, steady 
at low temperatures and at high enough temperatures rapid drop to no 
crystallization at all.  
Figure 6 – Slope versus concentration at approximately ~30°C, 
correlation for linear fit  = 0.9176 
Figure 6 illustrates the growth of x = 0.15 molar ratio solution in 
parallel with the other 3 concentrations. These results suggest that 
lower concentration (x = 0.15) have lower growth rate. Also molar 
ratios of x = 0.206, and x = 0.192 did not seem to differ in overall 
crystal growth (see figure 5), therefore the randomness of these 3 
points could be explained by the random error. If we try to apply 
linear fit to this curve correlation no definitive conclusion can be 
made, due to lack of data points, it seems to suggest that the growth 
would stop at about 6 mol/l, and that is unlikely to be the case.  
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Figure 7 – Radius versus time, for the low concentration (molar ratio 
x = 0.15), the linear fit is much less accurate than for the higher 
concentrations, correlation = 0.9796. 
Figure 7 shows the radius of the low concentration sample (x = 0.150) 
versus time. The growth is linear overall but more fluctuations in 
instantaneous velocity occur.  
Discussion:  
The results suggest that the hypothesis that the main factor affecting 
growth speed is diffusion and the growth is limited by it was false for 
this range of concentrations and temperatures, because in that case the 
growth would not be linear. If we take into account the unit of 
diffusion coefficient [D] = L2/T (m2s-1). Then for the radius r(t) 
leading term should be r2 ∝ Dt, which is not a linear relationship 
between r and t.  
In this situation the growth speed (radius per time) is shown to be 
linear, and I can interpret that as it is always same amount of crystal 
added in same amount of time to one individual crystal. It is the  
length corresponding to the radius of the crystal disk. Such a crystal 
growth could be explained by looking at the crystal structure – 
monoclinic structure can explain it because the growth site – a site at 
which an arriving molecule can be incorporated into a crystal 
(Kashchiev, 2003) is only at the edge of the disk. 
Model for the growth:  
If the crystal growth is not limited by diffusion at these temperatures 
and concentrations the easiest model to explain the growth would be a 
chemical model based on a rate of reaction. 
The chemical model for aqua solution of sodium acetate becoming 
sodium acetate trihydrate crystals can be described:  
A[ ] k⎯→⎯ B[ ]                    (1)  
Where A is sodium acetate in water, B is sodium acetate trihydrate 
crystals (square brackets represent concentration) and k is the rate 
constant. The reaction only goes one way and the equilibrium is 
reached when all sodium acetate have crystallised. I can describe the 
reaction velocity (reaction rate) like this (House, 1997, chapter 1):  
d B[ ]
dt = k A[ ]                             (2)  
The assumption is that the concentration in the bulk of liquid is 
constant with time, because of the densities of the crystal and the 
solutions are similar (almost the same) and the concentrations of the 
crystal and the liquid are also basically the same. Since the reaction is 
very rapid some water can get trapped in between the crystal 
formations. Linear growth in 1 direction makes the crystal 
concentration proportional to the elongation of the crystal, which is 
actually the radius r of the crystal disk. For each rod: 
B[ ] = rSρBVtotalM
⇒ r = B[ ]VtotalMSρB
            (3)  
where r is the length of the rod/radius of the disk, S is the area of the 
section at the growth site, M is molar mass of the crystal, ρB is the 
density of the crystal and Vtotal is the total volume of the system. Then:  
dr
dt ∝ B[ ]×
VtotalM
SρB
                               (4)   
And the concentration of B: 
B[ ] = nacVtotal
= mMVtotal
= ρBSrMVtotal
              (5)  
The velocity equation can be rewritten from eq. 2 and 3 as follows:  
dr
dt = k A[ ]
VtotalM
SρB
                       (6)  
It explains the linear growth of the radius with time. For the effect of 
temperature on reaction rates I can use Arrhenius equation, which is 
an empirical law (Logan, 1996, Chapter 1.6):  
k = Ae−
Ea
RT , where k is the slope or reaction rate constant, A is 
called a pre-exponential factor and always has the same units as the 
corresponding rate constant, T is the temperature and in this case it is 
the starting temperature, R is the ideal gas constant, Ea is activation 
energy. This system undergoes a liquid-solid nucleation with 
activation energy as surface free energy (Oxtoby, 1992). The 
activation energy can be illustrated as in figure 8: 
   
Figure 8 – Activation energy Ea for transition from A to B (Liquid to 
solid). 
Figure 5 shows that the slope does not change at temperatures ≤25°C, 
our k is constant, hence from Arrhenius equation Ea ∝T  at ≤ 25°C. 
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If our model is correct then dr
dt = k ×
VtotalM
ρBS
A[ ] , the slope dr/dt 
should have a linear relationship with the concentration [A] in the 
solution, since the rest is constant.  Figure 6 show that the 
experimental results could indicate this kind of relationship, but it is 
not definitive. At low concentrations the concentration is not exactly 
linearly dependent on r, since the densities of the solid and liquid state 
cannot be assumed the same and diffusion could be the factor 
effecting crystal growth. Figure 7 illustrates the growth curve for the 
low concentration and even though it is still linear the random 
fluctuations in the curve could be due to this density difference. For 
this model, in this case, [A] becomes dependant on time due to this 
difference in concentration between crystal disk and the bulk, the 
individual molecules needs time to move to growth site. 
Conclusion:  
These experiments shown that the crystal growth speed is not 
diffusion limited for the concentrations equivalent to molar ratios x = 
[0.192, 0.206, 0.220] and temperatures in the interval [-5, 38°C]. The 
chemical model for the rate constant is the simplest model to describe 
crystal growth within these boundaries, where rate constant 
temperature relationship follows Arrhenius equation. This equation 
shows that for temperatures < 25°C T ∝ Ea. However for the lower 
concentrations (molar ratio <0.192) assumption about density of 
reactant and product being the same or very similar is false, therefore 
no definitive conclusion can be reached. Moreover the concentration 
and slope relationship shown by experimental results seems to support 
our data, however it is not conclusive. Overall the model presented fits 
the experimental data accurately, even for low concentration, since 
concentration becomes dependent on time. Dietz Jr. et al. (1957) 
comes to similar conclusion that chemical model based on reaction 
rates is fitting to the crystal growth of sodium acetate. 
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Appendix	  1:	  Mat	  Lab	  Code	  and	  descriptions	  	  
All	  the	  data	  collected	  through	  laboratory	  experiments	  were	  processed	  with	  MatLab	  version	  R2012b	  (8.0.0.783).	  In	  this	  appendix	  I	  will	  explain	  how	  the	  data	  were	  processed.	  	  This	  code	  will	  analyze	  the	  videos	  made	  in	  the	  laboratory	  and	  return	  radius	  versus	  time.	  To	  be	  able	  to	  analyze	  the	  videos	  with	  MatLab,	  they	  had	  to	  be	  converted	  to	  a	  sequence	  of	  frames	  of	  .png	  format.	  	  In	  the	  text	  box	  1	  it	  can	  be	  seen	  that	  there	  are	  several	  input	  variables	  witch	  has	  to	  be	  put	  in	  each	  video,	  the	  use	  of	  the	  variables	  will	  be	  seen	  later	  in	  the	  code.	  The	  code	  is	  split	  in	  many	  textboxes	  below	  for	  convenience	  and	  it	  is	  consecutive.	  	  
	  Since	  the	  number	  of	  frames	  per	  video	  is	  usually	  about	  200,	  there	  is	  no	  need	  to	  analyze	  single	  picture,	  picInterval	  defines	  the	  number	  of	  frames	  between	  the	  analyzed	  pictures.	  	  When	  the	  videos	  are	  converted	  to	  frames	  there	  is	  0.0334	  s.	  in	  between	  each	  frame,	  therefore	  time	  vector	  (timeA)	  can	  be	  generated	  like	  illustrated	  in	  text	  box	  above.	  	  Radius	  vector	  (radiusA)	  is	  generated	  by	  making	  vector	  of	  zeros	  of	  the	  right	  size	  and	  then	  values	  are	  inserted	  later.	  
nPic = input('What is the total number of pictures?'); 
threshold = input('What is threshold for black?(e.g.0.1)'); 
blurRadius = input('What is the disk radius to smooth out? (e.g.15)'); 
picPrefixe = input('What is the picture location?(e.g. 
~/Desktop/project_video/T078/T_078)', 's'); 
pixelRemove = input('What is the size of removable objects? (e.g.500)'); 
threshold1 = input('What is the threshold for round object? (e.g.0.8)'); 
picInterval = 5; 
nPicUse = nPic/picInterval; 
timePerPic = 0.0334*picInterval; 
finalT = timePerPic*(nPicUse-1) + timePerPic/2; 
timeA = [0:timePerPic:finalT]; 
radiusA = zeros(1,nPicUse); 	  
Text	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The	  pictures	  have	  consecutive	  names	  therefore	  the	  code	  in	  the	  text	  box	  2	  can	  open	  all	  pictures	  separated	  by	  the	  interval	  indicated	  by	  picInterval.	  picPrefixe	  is	  the	  input	  variable	  for	  the	  location	  of	  the	  picture.	  The	  “for”	  loop	  runs	  all	  the	  pictures	  indicated.	  For	  illustrative	  purposes	  300	  frames	  is	  run	  through	  this	  code	  with	  picInterval	  -­‐30.	  After	  imshow	  (rgb)	  it	  returns	  one	  of	  the	  pictures	  Illustrated	  in	  figure	  9.	  The	  yellow	  wire	  in	  the	  picture	  is	  the	  thermocouple	  wire.	  
	  
Figure	  9	  –	  Step	  1:	  every	  30thieth	  picture	  open	  in	  the	  video	  for	  x	  =	  0.22	  temperature	  25	  degrees	  C.	  	  Im2bw	  converts	  the	  pictures	  to	  black	  and	  white	  pictures,	  and	  one	  of	  the	  input	  variables	  threshold	  is	  used	  to	  determine	  “how	  black”	  the	  picture	  should	  be.	  The	  threshold	  is	  
for a = 1:picInterval:nPic 
    close all 
    picSuffixe = sprintf('.%05d.png', a); 
    picName = strcat(picPrefixe,picSuffixe); 
    rgb=imread(picName); 
    figure; 
    imshow(rgb); 
    I=rgb2gray(rgb); 
    bw=im2bw(I,threshold); 
    figure; 
    imshow(bw) 
Text	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between	  0	  and	  1,	  meaning	  0	  –	  completely	  white	  picture,	  and	  1	  –completely	  black.	  Imshow	  (bw)	  returns	  one	  of	  the	  pictures	  in	  figure	  10:	  
	  
Figure	  10	  –	  Step	  2	  –	  Pictures	  made	  into	  black	  and	  white,	  threshold	  0.55.	  
Part	  of	  the	  code	  displayed	  in	  text	  box	  3	  removes	  objects	  smaller	  then	  the	  pixelRemove	  input	  variable,	  and	  blurs	  the	  edges	  of	  the	  figure	  where	  blurRadius	  input	  variable	  is	  used.	  It	  also	  fills	  in	  the	  black	  holes	  in	  the	  white	  objects,	  so	  if	  there	  would	  be	  some	  black	  dots	  or	  areas	  in	  the	  circle	  of	  interest	  (the	  crystal),	  this	  function	  would	  fill	  it	  in	  with	  white	  color.	  Imshow	  (bw)	  returns	  a	  picture	  with	  blur	  edge	  filled	  in	  black	  spots	  and	  small	  objects	  removed,	  it	  is	  illustrated	  in	  figure	  11,	  below.	  The	  code-­‐line	  bwboundaries	  decides	  the	  boundaries	  of	  the	  objects	  in	  the	  picture.	  
    bw=bwareaopen(bw,pixelRemove); 
    se=strel('disk',blurRadius); 
    bw=imclose(bw,se); 
    bw=imfill(bw,'holes'); 
    figure; 
    imshow(bw) 
    [B,L]=bwboundaries(bw,'noholes'); 
    figure; 
    imshow(label2rgb(L,@jet,[.5 .5 .5])) 
    hold on 	  
Text	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Figure	  11	  –	  Step	  3	  –	  Small	  objects	  removed	  –	  less	  than	  2000	  pixels,	  edges	  are	  blurred	  (blurRadius	  -­‐	  15),	  and	  the	  black	  spots	  are	  filled.	  	  
	  	     for k=1:length(B)         boundary=B{k}; 
        plot(boundary(:,2),boundary(:,1),'w','LineWidth',2) 
    end 
    stats=regionprops(L,'Area','Centroid'); 
    for k=1:length(B) 
        boundary = B{k}; 
        delta_sq=diff(boundary).^2; 
        perimeter=sum(sqrt(sum(delta_sq,2))); 
        area=stats(k).Area; 
        metric=4*pi*area/perimeter^2; 
        radius=sqrt(area/pi); 
        metric_string = sprintf('%2.2f',metric); 
        radius_string = sprintf('%2.2f',radius); 
        if metric>threshold1 
            centroid=stats(k).Centroid; 
            plot(centroid(1),centroid(2),'ko'); 
            text(boundary(1,2)+13,boundary(1,1)-35,radius_string, 
'Color','r','FontSize',14,'FontWeight','bold'); 
            timeIndex = (a-1)/picInterval +1; 
            radiusA(1,timeIndex) = radius; 
            
        end 
        text(boundary(1,2)-50,boundary(1,1)+20,metric_string, 
'Color','y','FontSize',14,'FontWeight','bold'); 
    end 
end 	  
Text	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Text	  box	  4	  shows	  how	  the	  MatLab	  code	  finds	  and	  plots	  boundaries	  and	  then	  from	  there	  calculates	  perimeter,	  area	  and	  radius,	  ‘metric’	  decides	  the	  roundness	  of	  the	  object,	  and	  if	  it	  is	  rounder	  than	  the	  threshold	  chosen	  (one	  of	  the	  input	  variables)	  it	  plots	  its	  area	  and	  inserts	  the	  radius	  in	  the	  radius	  vector	  (radiusA).	  Since	  the	  wanted	  object	  is	  always	  rounder	  than	  the	  unwanted	  ones	  it	  is	  always	  the	  crystal	  radius	  which	  is	  found.	  	  This	  part	  of	  the	  code	  returns	  one	  of	  the	  pictures	  in	  figure	  12.	  	  
	  
Figure	  12	  -­‐	  Step	  4	  roundness	  of	  the	  objects	  are	  potted	  in	  yellow,	  the	  black	  ring	  in	  the	  middle	  of	  the	  object	  illustrates	  that	  the	  object	  has	  higher	  threshold	  than	  indicated,	  and	  then	  its	  area	  is	  plotted	  in	  red.	  	  All	  this	  data	  is	  in	  pixels	  not	  in	  metric	  scale.	  In	  order	  to	  convert	  the	  pixel	  radius	  into	  centimeter	  radius	  I	  do	  diagnostics	  for	  every	  video.	  The	  dish	  radius	  is	  known	  to	  be	  either	  7	  or	  4	  cm.	  I	  measure	  manually	  the	  radius	  of	  the	  dish	  bottom	  in	  the	  picture	  and	  then	  I	  measure	  the	  radius	  of	  overall	  circle	  I	  the	  picture	  (which	  will	  be	  detected	  by	  MatLab)	  –	  they	  are	  not	  the	  same	  because	  sides	  of	  the	  dish	  expands	  the	  dish	  radius	  in	  2	  dimensional	  picture	  (can	  be	  seen	  in	  figure	  9).	  The	  real	  size	  of	  the	  circle	  in	  the	  picture	  is	  then	  determined.	  I	  can	  run	  the	  same	  code	  for	  one	  picture,	  where	  I	  turn	  down	  the	  threshold	  for	  black	  and	  white	  and	  instead	  of	  finding	  the	  crystal	  radius	  it	  finds	  the	  overall	  radius	  of	  the	  dish	  in	  pixels.	  From	  there	  knowing	  it	  in	  centimeters	  I	  can	  find	  how	  many	  centimeters	  there	  is	  in	  the	  pixel,	  see	  figure	  13	  below.	  From	  the	  figure	  5	  we	  now	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the	  length	  a,	  and	  don’t	  know	  the	  length	  b,	  to	  find	  out	  b	  we	  use:	  a	  =	  4	  or	  7(use	  radius,	  so	  don’t	  need	  to	  divide	  by	  2	  later),	  b	  =	  y,	  y	  =	  b	  *(4	  or	  7)/a.	  The	  radius	  of	  the	  blue	  circle	  is	  found	  by	  MatLab	  in	  pixels	  we	  can	  find	  how	  many	  centimeters	  there	  is	  in	  one	  pixel:	  y/R(in	  pixels)=	  centimeters	  in	  one	  pixel	  (PixCm);	  	  
	  
Figure	  13	  –	  a	  known	  length,	  b	  unknown	  length,	  by	  manual	  measure	  with	  the	  ruler	  we	  can	  extrapolate	  unknown	  length.	  	  
The	  last	  part	  of	  the	  code	  (text	  box	  5)	  plots	  time	  versus	  radius	  and	  allows	  me	  to	  remove	  some	  points	  from	  the	  beginning	  of	  the	  curve	  after	  seeing	  it.	  This	  is	  needed	  because	  sometimes	  there	  is	  no	  circle	  detected,	  its	  too	  small	  and	  gets	  removed	  or	  the	  stationary	  regime	  is	  not	  yet	  reached.	  These	  start	  points	  are	  removed	  and	  then	  the	  fit	  can	  be	  
% From pixels to cm.  
radiusCM = radiusA.*PixCm; 
figure;plot(timeA,radiusCM,'.r');grid 
rmPoints1 = input('How many points do you want to remove?'); 
rmPoints = rmPoints1 + 1; 
timeArm = timeA(rmPoints:length(timeA)); 
radiusArm = radiusCM(rmPoints:length(radiusCM));  
[fitResults, stat] = polyfit(timeArm, radiusArm, 1); 
slope = fitResults(1) 
polynomialFit = polyval(fitResults, timeArm); 
R2 = corr(timeArm',radiusArm')^2 
  
  
hold on; 
plot(timeArm, polynomialFit); 
xlabel('Time','FontSize',14);ylabel('Radius','FontSize',14); 
legend('Data Points','Fitted regresion line'); 
slope 	  
Text	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inserted	  (see	  figure	  14),	  this	  line	  of	  code	  returns	  the	  slope	  and	  the	  R2,	  which	  indicates	  how	  good	  the	  fit	  is.	  Figure	  6	  below	  shows	  the	  final	  graph.	  	  
	  
Figure	  14	  -­‐	  Radius	  versus	  time,	  3	  points	  were	  removed	  for	  the	  fit	  line.	  	  After	  running	  frame	  sequence	  through	  MatLab	  code	  the	  radius,	  time	  and	  pixel	  to	  centimeter	  rate	  is	  saved	  for	  later	  use.	  	  The	  data	  curves	  for	  the	  main	  articles	  shows	  the	  growth	  for	  point	  0	  for	  illustrative	  purposes,	  since	  we	  interested	  in	  slope,	  rather	  than	  in	  start	  point.	  
Errors:	  	  The	  influence	  of	  the	  input	  variables	  on	  the	  output	  was	  tested,	  since	  not	  every	  video	  have	  the	  same	  thresholds	  for	  white	  and	  blur	  radius.	  Figure	  16	  shows	  why	  all	  the	  videos	  could	  not	  be	  tested	  under	  the	  same	  threshold.	  The	  videos	  made	  on	  different	  days	  can	  have	  very	  different	  black	  and	  white	  ratio.	  Every	  video	  has	  an	  interval	  of	  white	  threshold	  (black	  and	  white	  ratio)	  where	  the	  crystal	  disk	  is	  detectible	  in	  the	  right	  shape	  by	  MatLab	  code,	  usually	  the	  interval	  size	  is	  around	  0.2	  and	  for	  most	  of	  the	  videos	  it	  is	  from	  0.5	  to	  0.7,	  however	  on	  the	  darkest	  videos	  the	  interval	  boundaries	  are	  lower,	  around	  0.1	  –	  0.3	  (see	  figure	  15).	  By	  running	  one	  picture	  series	  through	  the	  MatLab	  code	  and	  testing	  every	  variable	  it	  was	  found	  that	  pixel	  remove	  and	  roundness	  has	  no	  influence	  on	  the	  outcome.	  However	  blur	  radius	  and	  white	  threshold	  have.	  For	  the	  blur	  radius	  to	  have	  influence	  it	  has	  to	  be	  different	  at	  least	  by	  20,	  all	  the	  videos	  were	  run	  on	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the	  similar	  blur	  radius	  –	  15	  to	  30,	  so	  the	  influence	  was	  insignificant.	  For	  the	  black	  and	  white	  threshold	  the	  influence	  was	  more	  significant.	  Changes	  in	  slope	  of	  about	  0.05	  cm.	  were	  observed	  and	  since	  the	  threshold	  could	  not	  be	  set	  constant,	  therefore	  it	  was	  decided	  that	  every	  video	  must	  be	  run	  in	  the	  mid	  of	  its	  usable	  interval	  for	  best	  results.	  Fluctuations	  in	  slope	  around	  the	  mid	  interval	  were	  the	  smallest	  as	  shown	  in	  figure	  15.	  From	  figure	  15	  can	  also	  be	  seen	  that	  only	  few	  videos	  shown	  actually	  have	  a	  significant	  error.	  Error	  bars	  are	  used	  in	  the	  main	  report	  for	  some	  of	  the	  videos.	  Many	  of	  the	  pictures	  have	  the	  same	  or	  similar	  threshold,	  with	  exception	  of	  a	  few.	  	  
	  
Figure	  15	  -­‐	  White	  threshold	  versus	  slope	  for	  7	  different	  frame	  sequences,	  the	  start	  end	  the	  end	  points	  represent	  threshold	  boundaries,	  the	  usable	  intervals	  are	  where	  slope	  doesn’t	  change	  significantly.	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Figure	  16	  -­‐	  several	  shots	  from	  different	  videos	  used.	  The	  difference	  in	  black	  and	  white	  can	  be	  observed	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Appendix	  2:	  	  Concentration	  The	  chosen	  molar	  fractions	  are	  x	  =	  0.192,	  x	  =	  0.206,	  x	  =	  0.220,	  here	  I	  will	  discuss	  why	  they	  were	  chosen	  and	  present	  the	  calculations	  for	  making	  the	  solutions.	  Sodium	  acetate	  trihydrate	  is	  sodium	  acetate	  with	  3	  water	  molecules	  and	  it	  can	  be	  described	  as	  follows:	  	  
CH2COONa + 3H2O→CH2COONa• 3H2O 	  The	  molar	  ratio	  x	  for	  solution	  where	  every	  acetate	  molecule	  have	  reacted	  with	  3	  water	  molecules	  would	  be	  ¼	  =	  0.25.	  	  Since	  the	  concentration	  of	  the	  solution	  can	  be	  changed	  it	  can	  be	  viewed	  as	  a	  super-­‐cooled	  liquid	  or	  as	  supersaturated	  solution.	  This	  is	  illustrated	  in	  figure	  17	  below	  (Rogerson	  &	  Cardoso	  I,	  2003):
	  
Figure	  17	  –	  Phase	  diagram	  sodium	  acetate	  in	  water	  [data	  from	  Araki	  et	  al.	  (1995)]	  [Rogerson	  &	  Cardoso	  I,	  2003]	  If	  there	  are	  exactly	  3	  water	  molecules	  for	  1	  sodium	  acetate	  molecule	  in	  the	  solution,	  it	  can	  be	  called	  perfect	  concentration,	  represented	  by	  molar	  fraction	  x	  =	  0.25	  then	  the	  equilibrium	  state	  is	  pure	  trihydrate	  crystals.	  Then	  the	  solution	  is	  referred	  to	  as	  "supercooled	  trihydrate".	  The	  same	  applies	  for	  even	  higher	  concentrations;	  the	  only	  difference	  is	  the	  extra	  anhydrate.	  In	  these	  cases	  crystals	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are	  formed	  because	  they	  crystallize.	  When	  lowering	  concentration	  (x	  <	  0.25)	  we	  refer	  to	  the	  dissolution	  equilibrium,	  because	  some	  solution	  remains	  in	  the	  end.	  The	  crystals	  are	  formed	  because	  they	  could	  not	  dissolve	  in	  the	  available	  water.	  From	  figure	  1	  above	  we	  can	  see	  that	  the	  line	  of	  stability	  is	  at	  x	  =	  0.21	  (at	  280	  K	  ~	  7	  °	  C),	  meaning	  that	  above	  this	  point	  the	  solution	  nucleates	  infinitely	  quickly.	  Rogerson	  &	  Cardoso	  (I,	  2003)	  states	  that	  the	  molar	  ratio	  in	  the	  solution	  inside	  the	  heat	  packs	  is	  x	  =	  0.206,	  naturally	  this	  is	  one	  of	  the	  chosen	  concentration.	  In	  they	  article	  they	  also	  use	  molar	  ratios	  x	  =	  0.1	  and	  0.15,	  which	  were	  also	  chosen	  by	  me	  when	  starting	  the	  experiments.	  It	  is	  mentioned	  in	  the	  article,	  why	  molar	  ratios	  of	  x	  =	  0.1	  and	  0.15	  was	  omitted	  after	  first	  experimental	  trials	  and	  different	  concentrations	  were	  chosen.	  	  New	  molar	  ratios:	  x	  =	  0.22,	  since	  we	  are	  working	  with	  temperatures	  higher	  than	  280	  K,	  and	  stability	  should	  increase	  (figure	  1),	  x	  =	  0.192	  in	  order	  to	  have	  lower	  concentration	  than	  the	  heat	  packs.	  	  The	  formula	  for	  calculating	  masses	  for	  mixing	  solutions:	  	  
C = xx
ρac
Mac + (1− x)
MH2O
ρH2O
	  
where	  ρac	  is	  density	  of	  sodium	  acetate	  anhydrate,	  ρH2O	  is	  density	  of	  water,	  Mac	  is	  molar	  mass	  of	  acetate,	  MH2O	  is	  molar	  mass	  of	  water	  and	  x	  is	  chosen	  molar	  ratio.	  	  
Since	  C = nV ,	  we	  can	  calculate	  the	  moles	  needed	  for	  100ml.	  of	  solution.	  
x = nacnac + nH2O
⇒ nH2O =
nac
x − nac; 	  
Knowing	  the	  number	  of	  moles	  of	  water	  and	  acetate	  we	  can	  calculate	  mass	  (m	  =	  Mn)	  and	  mix	  the	  solutions	  by	  weighting	  water	  and	  acetate	  for	  100	  ml	  of	  solution.	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Appendix	  3:	  Background	  theory	  
Metastability	  and	  crystallization:	  	  When	  liquid	  solutions	  above	  their	  melting	  temperature	  cools	  down	  and	  reaches	  their	  melting	  point,	  thermodynamics	  favors	  crystallization	  (solidification)(Kashchiev,chapter	  26,	  2003).	  However,	  often	  the	  substances	  remain	  liquid	  -­‐	  in	  the	  metastable	  state.	  Sopercooling	  is	  an	  instance	  of	  metastability.	  This	  state	  can	  be	  described	  as	  a	  local	  equilibrium	  or	  an	  energy	  trap	  preventing	  the	  solutions	  from	  reaching	  the	  true	  equilibrium	  (see	  figure	  8).	  This	  precarious	  solution	  needs	  minor	  external	  disturbances	  or	  energy	  changes	  to	  trigger	  the	  formation	  of	  new	  phase	  (crystals)	  and	  drive	  it	  towards	  the	  true	  equilibrium.	  When	  nucleation	  occurs	  (onset	  of	  the	  phase	  transition)	  the	  crystallization	  is	  rapid	  and	  the	  equilibrium	  is	  reached	  quite	  fast,	  average	  crystallization	  velocity,	  0.55	  cm/s	  (see	  figure	  5).	  Overall	  crystallization	  of	  melt	  is	  a	  complex	  process	  involving	  simultaneous	  nucleation	  and	  growth	  of	  separate	  crystals	  (Kashchiev,	  chapter	  26,	  2003).	  	  
	  
Sodium	  acetate:	  	  Sodium	  acetate	  trihydrate	  is	  most	  common	  chemical	  used	  in	  the	  heat	  packs	  because	  of	  its	  ability	  to	  stay	  supercooled	  for	  a	  long	  time	  and	  high	  heat	  of	  fusion	  in	  latent	  form.	  Heat	  of	  fusion	  can	  be	  described	  as	  change	  in	  enthalpy	  during	  the	  solid-­‐liquid	  phase	  transition.	  The	  introduction	  of	  heat	  cannot	  be	  observed	  as	  temperature	  change,	  because	  during	  the	  transition	  temperature	  stays	  constant.	  This	  transition	  occurs	  at	  the	  melting	  temperature	  -­‐	  58°C	  for	  sodium	  acetate	  trihydrate.	  Liquid	  phase	  of	  the	  substance	  has	  higher	  internal	  energy	  then	  the	  solid	  phase,	  therefore	  when	  going	  from	  solid	  to	  liquid	  heat	  (or	  energy)	  must	  be	  introduced;	  melting	  sodium	  acetate	  crystals	  requires	  heating	  the	  solution.	  And	  the	  other	  way	  around	  -­‐	  going	  from	  liquid	  to	  solid	  heat	  (energy)	  is	  released.	  Sodium	  acetate	  releases	  its	  latent	  heat	  when	  the	  transition	  from	  liquid	  to	  solid	  occur	  (Sandnes,	  2008).	  Its	  ability	  to	  stay	  supercooled	  long	  is	  due	  to	  relatively	  high	  activation	  energy,	  this	  energy	  trap	  between	  metastable	  and	  equilibrium	  state.	  	  Crystal	  structure:	  	  Sodium	  acetate	  crystals	  have	  a	  monoclinic	  structure,	  which	  is	  characterized	  by	  having	  2	  right	  angles	  and	  one	  angle	  different	  from	  90°	  among	  its	  3	  axes,	  which	  are	  unequal	  in	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length.	  Sodium	  acetate	  has	  a	  growth	  site	  at	  the	  end	  of	  the	  crystal;	  therefore	  the	  axis	  with	  oblique	  angle	  to	  the	  others	  elongates	  creating	  one-­‐dimensional	  growth.	  	  
	  
Nucleation:	  	  Nucleation	  is	  the	  process,	  which	  begins	  a	  new	  phase	  within	  the	  old	  one,	  i.e.	  droplets	  of	  liquid	  condensing	  in	  a	  vapor,	  bubbles	  of	  gas	  forming	  in	  a	  liquid,	  crystal	  formation	  in	  a	  supercooled	  liquid,	  due	  to	  change	  in	  temperature,	  pressure,	  or	  other	  physical	  conditions	  in	  metastable	  state	  of	  a	  fluid.	  Heterogeneous	  nucleation	  of	  liquids	  is	  triggered	  (most	  commonly)	  by	  microscopic	  clusters	  of	  solid,	  impurities	  or	  solid	  surfaces	  (Kashchiev,	  chapter	  2,	  2003).	  	  	  Less	  common	  manner	  of	  phase	  transition	  is	  homogenous	  nucleation.	  In	  homogenous	  nucleation,	  clusters	  of	  the	  new	  phase	  in	  supercooled	  fluids	  are	  only	  in	  contact	  with	  old	  phase	  and	  with	  no	  other	  phases	  and/or	  molecular	  species.	  Supercooled	  fluid	  faces	  spontaneous	  density	  or	  composition	  fluctuations	  forming	  nuclei	  of	  a	  new	  phase.	  As	  nuclei	  attain	  the	  critical	  size,	  the	  new	  phase	  is	  formed	  spontaneously	  (Kashchiev,	  chapter	  2,	  2003).	  	  Classical	  Nucleation	  Theory	  (CNT):	  Nucleation	  of	  the	  new	  phase	  requires	  surmounting	  an	  activation	  barrier	  via	  rare	  event	  processes.	  By	  CNT	  nucleation	  mechanism	  can	  be	  described	  briefly	  by	  evaporation	  and	  condensation	  of	  single	  molecules.	  Using	  detailed	  balance,	  the	  ratio	  of	  evaporation	  and	  condensation	  rate	  constants	  is	  related	  to	  the	  ratio	  of	  equilibrium	  populations	  of	  adjacent	  cluster	  sizes	  and	  equilibrium	  constants.	  The	  critical	  cluster	  is	  defined	  the	  cluster	  for	  which	  the	  evaporation	  and	  condensation	  rate	  constants	  are	  equal.	  This	  occurs	  at	  the	  maximum	  in	  the	  nucleation	  barrier	  (Kathmann,	  2006).	  CNT	  is	  not	  used	  in	  the	  main	  report,	  therefore	  were	  will	  be	  no	  further	  elaboration	  about	  it.	  	  	  	  
